Supergravity solution describing two intersecting M5-branes is presented. The branes are fixed in the relative transverse directions and are delocalized along the overall transverse ones. The intersection can be smoothed, so that the M5-branes present one holomorphic cycle. We also obtain a solution corresponding to an M5-brane on a holomorphic cycle of multi-Taub-NUT space. All these solutions preserve 1/4 of supersymmetry.
Introduction
Besides the problem of finding supersymmetric solutions of supergravity being interesting in itself, such solutions can be very useful. Since branes can be thought of as solitons of supergravity, corresponding solutions can provide valuable information about their world-volume theories. Especially interesting would be solutions with branes wrapped on holomorphic cycles, branes ending on branes and intersecting branes.
After few years of attempts to obtain a supergravity solution corresponding to a pair of intersecting branes [1, 2, 3, 4, 5, 6, 7, 8] , finding such a solution explicitly with all branes fully localized is still an open problem. In [7] this problem was reduced to solving a nonlinear equation 1 for a Kähler metric of the form ∆ ⊥ g mn + 2∂ m ∂n det g kl = 0.
The configurations that are known explicitly are of two kinds: (i) those with at least one brane delocalized in its relative transverse directions [9] and (ii) one in the near horizon limit of a six-brane with another brane ending on it [10] or localized inside [11] . Here we are going to present a somewhat complimentary solution. In its simplest version it describes a pair of intersecting M theory 5-branes. These are localized in the relative transverse directions, but are delocalized in the overall transverse directions (4, 5, 6) , as represented by the following table where 'x' denotes a direction along the worldvolume of a five-brane and 's' a normal direction along which the five-brane is smeared. In terms of the complex coordinates v = y 7 +iy 8 and w = y 9 +iy 10 this M5-brane intersection is described by vw = 0.
In the framework we are using, one can also describe a resolution of this singular intersection to a one smooth five-brane localized at
That is, the five-brane worldvolume is R 4 × Σ with R 4 parallel to the (0, 1, 2, 3) directions and Σ given by Eq. (3). And the most general solution we can obtain describes M theory 'compactified' on Taub-NUT space with the Σ part of the five-brane worldvolume wrapping an infinite two-cycle of Taub-NUT or multi-Taub-NUT.
The answer is given in terms of a solution to a linear equation. Namely the following Laplace equation in three dimensions
where Ω is a particular function of z and we allow delta function sources on the right-hand side. Our construction is based on ideas presented in [11] and [10] . Section 2 starts with some mathematical trivia in order to set up our notation. Then we briefly describe the construction of Hashimoto [10] , and how we reverse it to obtain our results. Section 3 consists of the chain of dualities leading to the final answer. The last section contains our conclusions.
Setting
In this section we set up our notation, describe the construction of [11, 10] and how we reverse it to obtain the intersecting M5-brane solution.
Notation
Consider a flat four-dimensional space R 4 = C 2 with coordinates (v, w)
Thinking of C 2 as a quaternionic space H we form q = vi + wj. We can write q as q = ae iφ , with a being purely imaginary quaternion (ā = −a), and introduce coordinates x 7 , x 8 , x 9 , x 10 so that
Explicitly
In terms of these new coordinates the flat metric ds 2 = 4 (dvdv + dwdw) is
where r = (x 7 , x 8 , x 9 ) and grad (1/r) = curl ( ω).
Geometrically the three-sphere for a fixed distance ρ 2 is a Hopf fibration with (2θ, φ+ψ) being spherical coordinates of the base S 2 and φ a coordinate along the S 1 fiber. To be more precise these are the coordinates of the trivialization above the upper patch of S 2 (2θ < π). In the lower patch (2θ > 0) the proper fiber coordinate is x 10 = 2φ − 2(ψ + φ) = −2ψ.
We shall be interested in various holomorphic cycles in this C 2 space, so let us consider how they look in the different coordinate systems.
A plane
an orthogonal plane
two intersecting planes
resolved intersection parameterized by ǫ = µe iα {vw = ǫ} = {ψ + φ = α, ρ 2 sin(2θ) = 2µ} = {x 8 = 2µ cos α, x 9 = 2µ sin α}.
(12) In terms of (x 7 , x 8 , x 9 ) coordinates these are respectively a semi-infinite line starting from the origin, a semi-infinite line in the opposite direction, a line passing through the origin a line missing the origin by a distance 2µ.
Taub-NUT metric is
with x 10 ∼ x 10 + 4π, V (r) = 1 + 1/r and grad V = curl ( ω). Near r = 0 it approaches the flat space metric of Eq. (8) . Degenerate multi-Taub-NUT is a quotient of the above metric by Z N : x 10 → x 10 + 4π/N.
Hashimoto's Origami
Let the coordinates of the eleven-dimensional space of M theory be y i , i = 0, . . . , 6 and v = y 7 + iy 8 , w = y 9 + iy 10 . The solution obtained by Akikazu Hashimoto in [10] starts with an M theory five-brane located at y 4 = y 5 = y 6 = 0, v = 0. The corresponding supergravity solution is well known and is invariant with respect to rotation v → e iχ v as well as w → e iχ w. In terms of the new coordinates (6), interpreting x 10 as a direction along the M theory circle , this is a solution of type IIA supergravity. In the absence of the fivebrane the resulting metric (8) is that of a Taub-NUT space near the origin of the Taub-NUT. Thus in type IIA it is interpreted as a near horizon of a D6-brane located at the origin. As for the M5-brane, it wraps the M theory circle, and thus appears (see (9)) as a D4-brane ending on the D6-brane (in the near horizon limit of the latter).
One can also consider a quotient with respect to the Z N action (v, w) → (exp(2πi/N)v, exp(−2πi/N)w), as presented in [10] . In this case the metric (8) is that of a multi-Taub-NUT space with N coincident centers (in the neighborhood of the centers). Thus the resulting IIA solution is that of a D4-brane ending on N coincident D6-branes in the near-horizon limit of the D6-branes.
Unfolding the Origami
In Hashimoto's picture one M5-brane corresponds to a D4-brane ending on a D6-brane. Let us note, that a pair of intersecting M5-branes (located at zw = 0) according to (11) corresponds to a D4-brane piercing the D6-brane. Thus if we were to know the latter solution of IIA supergravity (with both branes being localized), we would be able to reconstruct the eleven-dimensional solution with two intersecting M5-branes. To be more precise knowing the solution near the D6-brane allows one to construct two intersecting M5-branes in flat space. The full solution gives an M5-brane on a cycle of Taub-NUT space (given e.g. by x 8 = x 9 = 0) pinched at the origin.
Knowing a solution with a D4-brane orthogonal to a D6-brane, with the D4 localized away from the D6 at some non-zero (x 8 , x 9 ), would allow one to write a solution with an M5-brane on a smooth cycle of Taub-NUT. If we limit ourselves to the near-horizon geometry of the D6-brane, in M theory we obtain a smooth M5-brane on a cycle vw = ǫ in flat space.
Let us also note that a set of N parallel D6-branes pierced by a D4-brane yields an M5-brane on a cycle of multi-Taub-NUT with N centers. Even though no explicit solution with both intersecting branes being localized is known, we can consider one with a D6-brane localized and an intersecting D4-brane delocalized in the three directions parallel to the D6. Such a solution is reinterpreted in M theory as a pair of intersecting M5-branes delocalized in the three overall transverse directions (y 4 , y 5 , y 6 ). This situation is somewhat different from that considered in [9] and [5] , where the answer is given in terms of two functions: one harmonic and the other is harmonic in the background of the metric given by the first one. Since the space transverse to the smeared D4-brane is only two-dimensional and does not have a positive harmonic function on it this recipe has to be modified.
D4 Smeared Along D6
In order to obtain this solution and check its supersymmetry we shall start with a IIB solution with a D3-brane parallel to a D7-brane and T-dualize it. The T-duality is performed along the three directions parallel to the D7 and orthogonal to the D3-brane. Thus the D3 becomes a D6-brane (fully localized), and a D7 becomes a D4 delocalized along the three directions mentioned. 0 1 2 3 4 5 6 7 8 9 D7 x x x x x x x x D3 x x x x | T 456 ↓ 0 1 2 3 4 5 6 7 8 9 D4 x x x x s s s x D6 x x x x x x x
D3 parallel to D7
Let us split the coordinates into those parallel to both branes (with indices a, b = 0, 1, 2, 3), relative transverse (i, j = 4, 5, 6, 7) and transverse to both branes (m, n = 8, 9). We start with the following ansatz (in the string frame), which is a modification of the solution of [12] ,
where z = x 8 + ix 9 , H = H(x i , z,z) and
The five-form F is self-dual with respect to the metric in Eq. (14) . For F to be closed the function H(x i , z,z) has to satisfy
The source of the four-form potential A with the self-dual field strength F is a D3-brane. Thus presence of a D3-brane corresponds to introducing delta function sources on the right-hand side of Eq. (16). This ansatz is a particular case of the one considered in [14] , where the supersymmetry conditions are also analyzed. Now we briefly state the results of [14] specified to our case.
The supersymmetry transformations of dilatino λ and gravitino ψ µ can be found in [13] (where the Einstein frame ds 2 E = exp(−φ/2)ds 2 is used). In our case we have δλ proportional to
and δψ µ proportional to
with ǫ being complex Weyl (γ 11 ǫ = ǫ) and
Splitting the gamma matrices with respect to SO(1, 3) × SO(6) ∈ SO(1, 9) as γ µ = Γ µ ⊗ 1 for µ = 0, . . . , 3 and γ µ = Γ 5 ⊗ Γ µ for µ = 4, . . . , 9, decompose the spinor parameter ǫ = H −1/8 θ ⊗ η so that
Now the conditions of supersymmetry invariance following from Eqs. (17) and (18) reduce to Γzη = Γ 8 + iΓ 9 η = 0 (21) and
respectively. The spin connection ω µ 1 µ 2 µ 3 above is computed in the metric
inside the brackets in Eq. (14) . The integrability condition for Eq.(22)
is automatically satisfied by our ansatz Eqs. (14, 15, 16) . Condition of Eq.(20) cuts supersymmetry in half. Even though there are two equations, the second is satisfied because of the Weyl condition. Condition (21) breaks another half, so one quarter of the supersymmetries is preserved by our ansatz.
T-dual Solution
Applying T-duality to the IIB solution in directions (4, 5, 6 ) with x 4 ∼ x 4 + 2πR 4 , x 5 ∼ x 5 + 2πR 5 , x 6 ∼ x 6 + 2πR 6 (as in [15] ) we obtain
where x l ∼ x l + 2π, l = 4, 5, 6 are periodic coordinates and A is a four-form potential of the field strength F of Eq.(14).
M theory solution
Lifting the above IIA solution to that of the eleven-dimensional supergravity [15] and denoting by V the volume R 4 R 5 R 6 we have
χ,
α, β = 7, 8, 9. We recall that χ + ie −φ = τ (z) and
Transformation to conventional spherical coordinates in the (7, 8, 9, 10) space is given by Eq. (7). This solution implicitly depends on two choices. One is the meromorphic function of z determining j(τ ) in Eq. (15) and the other is positions of the sources of the function H(x, z,z). Let us note that if we pick j(τ ) to be constant, then Ω is also constant and
Thus we recover a usual multi-Taub-NUT space. In general in Eq. (29) H defines the background geometry the five-branes live in. For example, in the case of H(∞) = 0 a change of the asymptotic conditions that H satisfies corresponds to deforming the four-dimensional flat subspace of M theory space to Taub-NUT (H(∞) = 0). Allowing multiple sources for H would produce a multi-Taub-NUT space. The choice of j(τ ) determines where the smeared five-branes are located as well as the regularization of the metric on the conical space far away from them 2 . Thus moving the source in the 2 A D7-brane cannot exist alone, as its dilaton field becomes infinite some finite distance from the brane. This problem is resolved by introducing nonperturbative seven-branes parallel to it with corresponding monodromies S or T S of SL(2, Z) for example. These are located at points z * where j(τ (z * )) = 0, 1. For similar reasons an M5-brane smeared along two directions has to be regularized, but we can choose the points z * to be far away from the five-branes.
Laplace equation away from the pole of j(τ ) corresponds to deforming the intersection to a smooth curve.
Approximate solutions to Eq.(16) can be found in [16] and [17] , where an elliptic fibration over the z plane determined by τ is considered and SeibergWitten coordinates a and a D are introduced so that
In terms of these coordinates Eq. (16) is
and H can be expanded in the distance away from a Taub-NUT center. Also, near the five-brane (small z) 1/z = j(τ ) ≈ e −2πiτ and η(τ ) ≈ e πiτ /12 . Thus Eq.(16) becomes
In case the source of H is at z = 0, which corresponds to the unresolved intersection, it is natural to presume axial symmetry. Introducing a coordinate t such that |z| = e −t , consider a function f (t, ω) which tends to infinity at t → +∞ and satisfies
Then H(x, z,z) is given by
Conclusions
We have obtained a supergravity solution describing the intersection of two M theory five-branes. The branes are still not fully localized in the directions transverse to both of them. However, since in our case the problem becomes linear, this solution might be of use in linearizing the equation of Fayyazuddin and Smith [7] .
Another possibility to fix the five-branes completely might be to start with a IIA solution with a D4 brane fixed and D6 delocalized along it. In this case interpreting it in M theory we obtain a pair of intersecting five-branes on a singular space. One might hope to find a limit of parameters where the singularity disappears, which would provide the fully localized five-brane solution.
A different interpretation of this solution is as follows. After compactifying one of the directions the five-branes are smeared over as the M theory circle and T-dualizing the other two directions, one obtains an intersection of two D7-branes. Both seven-branes are completely fixed then. This intersection can be smoothed or put on Taub-NUT space as well.
The supergravity solution given also describes a five-brane on a holomorphic cycle fixed in the directions with nontrivial geometry. We did not succeed in fixing the positions of the branes completely, but we hope that the solution we presented will help in reaching that goal.
